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MINIMUM WEIGHT DESIGN OF CONTINUOUS BEAMS

ATLE GJELSVIKt

Department of Civil Engineering and Engineering Mechanics, Columbia University, New York, N.Y.

Abstract-If frictionless hinges are placed at all the points in the beam where the bending moment is zero, it is
shown that the number and positions of these hinges are such as to render the elastic or plastic minimum weight
beam statically determinate. This fact can be used to obtain particular designs. In the plastic design a collapse
mechanism exists such that there is no change in slope at these hinges. In the elastic design the deformed beam
will in general have a change in slope at these points, although under special circumstances the change is zero.
Both the elastic and plastic designs are shown to be fully stressed.

INTRODUCTION

THE study of the minimum weight design of structures is of interest for two reasons. The
primary one is of course the hope that the minimum weight design obtained can actually
be used in a practical design. Even if this is not the case, for example if the structure has
to be too idealized in order to facilitate the analysis, an absolute minimum weight is
established which can be used to measure the efficiency of the practical design. Secondly,
general design rules may evolve which can help to guide the designer when a complete
minimum weight design is not carried out. An example of this is the rule which states
that a minimum weight truss subject to fixed loads must be statically determinate [1].
It is in this spirit that the present paper is submitted.

The paper presented is concerned with the elastic and plastic minimum weight design
of continuous beams with a continuously varying cross section subject to given constant
loads. The design of this type of beam has been the subject of several papers. The majority
of these papers consider the plastic design of beams where the weight per unit length is
proportional to the full plastic moment of the cross section, as is the case for a rectangular
sandwich beam with fixed core size and identical face sheets of variable thickness. For such
beams a sufficient condition for minimum weight is that there can be found a plastic
collapse mechanism with a curvature rate of constant absolute value such that the bending
moment and curvature have the same sign. This theorem was first proved by Heyman [2].
In the present paper an analogous necessary condition for beams where the weight per
unit length is a general monotonically increasing function of the fully plastic moment is
presented.

The main part of the paper is divided into three parts. In the first part, the governing
equations for the problem are set down. In the second part the minimum weight design
of perfectly plastic beams are investigated. It is shown that if weightless hinges are placed
at all the zero moment points in the beam. the position and number of these hinges are
such that the beam is statically determinate. In the third part the relationship between
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the elastic and plastic designs are investigated. It is shown that if these hinges are frictionless
and are allowed to rotate as the beam is loaded, the elastically designed minimum weight
beam is fully stressed and also statically determinate in the above sense. This fact simplifies
the elastic or plastic design of more complicated beam-load systems considerably par
ticularly for the nonlinear cases. Two examples demonstrating the use of this method
in simple designs are given.

FORMULAnON OF THE MINIMUM WEIGHT PROBLEM

The structures to be considered are continuous beams of the type shown in Fig. 1.
The end conditions of the beam, the number and the length of the spans as well as the type
of loading is arbitrary. The magnitude of the applied load is constant.

f---------- 51

s
FIG. I. Typical beam to be designed for minimum weight.

The bending moment at each point in the beam satisfies the equilibrium conditions.
For a k times statically indeterminate beam, the bending moment M can be written as

k

M(s, Xi) = L bi(s)Xi+g(s)
i= 1

(1)

(2)
= (s-snl for Sn < s ::; S

where s is a coordinate measured from one end of the beam as shown in Fig. 1. The X;'s
are the redundant support forces. g(s) is the moment resulting from the applied load.
A set of bb) functions can in general be chosen in a number of ways. If the beam is simply
supported at the left end (s = 0) in Fig. 1, it is convenient to write the functions as

bn(s) = 0 for 0 ::; s ::; Sn

where n = 1, ... k.
As shown in Fig. 1, Sn is the coordinate of the nth redundant support counted from the

right hand side. If the left end (s = 0) of the beam is built in, it is convenient to write bb)
as given by (2) when n = 1, ... , k-l, and as

bis) = 1 for 0 ::; s ::; S. (3)

If the beam is built in at the right end (s = S) each interval (sn-sn+d corresponds to a
span. If the beam is simply supported at the right end (s = S), this is true for all the intervals
except (5 - Sl) which corresponds to two spans.
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For a safe design the bending moment must satisfy

IM(s, Xi)1 :::;; Mo(s), where Mo ~ 0 (4)

at each point in the beam. Mo(s) is a critical moment which is a function of the material
and geometric properties at a point in the beam. The influence of shear forces and axial
forces (if there are any) on the strength of the beam is therefore neglected. The choice of a
critical moment will be discussed further below.

The weight w per unit length of the beam is taken to be

w = h(M0), where h(O) = 0 (5)

h(M0) is a strictly monotonically increasing function differentiable everywhere except at
zero. The order at which h(M0) tends to zero is r:t where

0<r:t:::;;1. (6)

The above function includes as a special case the linear function most commonly used in
minimum weight design problems which corresponds to a rectangular sandwich beam with
fixed core height and width and identical face sheets of variable thickness. Included are
also geometrically similar cross sections and rectangular cross sections with constant
width where the functions take the forms respectively

w == Mt and w == M3. (7)

For a more complete discussion of the weight of beams see [5].
The total weight W of the beam is

W = I: h(Mo(s)) ds. (8)

The compatibility conditions for the beam can be obtained from the theorem of virtual
work

(9)i = 1, ... kI: k(s)b;(s)ds+ it (}jb,{s) = 0,

where k(s) is the curvature of the beam and {}j the rotation of any hinges in the beam.
When the compatibility conditions are written in this form the singularities of the curvature
are contained in the hinge rotations, so

j = 1, ... m. (10)

The case of complete sections of the beam vanishing is not included in (9). This case is
however discussed further below.

For the elastic beam

M
k = EI (11)

where EI is the elastic stiffness of the beam.
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For a rigid-perfectly plastic beam where no unloading of the material is taking place

k ~ 0 when M = M 0

(12)k :::; 0 when M = - M0

k = 0 when -Mo < M < Mo

where M 0 now is the fully plastic moment of the cross-section.
The plastic minimum weight design is obtained by minimizing (8) subject to the con

straints (1) and (4). M 0 is in this case the fully plastic moment.
The elastic minimum weight design is obtained by minimizing (8) subject to the con

straints (1), (4) and (9). In this case the critical moment M 0 is equal to a moment which the
designer considers unsafe to exceed, for example the moment which will first cause yielding
or some fraction of it.

PROPERTIES OF THE PLASTIC MINIMUM WEIGHT BEAM

For the subsequent discussion it is convenient to eliminate the critical moment M 0

from the formulation of the problem. Since the weight function h(Mo) is monotonically
increasing, it follows from (8) that a reduction is Moat any point will reduce the weight
of the beam. In the minimum weight design M 0 must therefore be as small as the constraints
(1) and (4) will permit.

Since (1) does not involve M 0 it follows that

(13)

(14)

A necessary condition for a plastic minimum weight design is therefore that the moment
everywhere is equal to its critical value, that is, the beam must be fully stressed.

The minimum weight design is now reduced to minimizing

W(X i) = s: h[lM(X i , s)l] ds = s: f(M(X;, s)) ds

where M(X;, s) is given by (1). The values of Xi are unrestricted. The function f(M) is
differentiable everywhere except at M = O. Since the weight W(X i ) is always nonnegative
and since it is finite at Xi = 0 and becomes very large when Xi becomes very large, it is
clear that the minimum weight design exists and that it occurs for finite values of Xi'

If M = 0 only at a finite number of isolated points in the minimum weight beam,
Megarets and Hodge [4] have shown that the weight function W(X i) in equation (14) is
continuously differentiable with respect to all Xi' A necessary condition for minimum
weight is therefore

aw a is
aX

i
= ax; 0 f(M(X i , s)) ds = 0, i = 1, .. . k. (15)

(16)i = 1, ... k

For the present analysis it is useful to restate (15) in the following form: a necessary con
dition for optimum design is that there exists a function n(s) which satisfies

iSn(S)bi(S) ds = 0,
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(18)

(17)
n(s) = f'(M) when M :F 0

n(s) = 0 when M = O.

Since h(M0) is strictly monotonically increasing

n(s) > 0 when M > 0

n(s) < 0 when M < 0

n(s) = 0 when M = O.

If M = 0 over a finite length in the minimum weight beam, the parts of the beam
separated by these portions become in effect isolated from each other. Equations (16) and
(17) are still necessary conditions for a minimum in the separate parts when the functions
bi(s) are redefined in the same way as before for these portions.

If the weight function (14) is convex the conditions (16) and (17) are necessary and
sufficient. This is the case for example when the weight is a linear function of the critical
moment. The conditions (17) then simply reduce to

n(s) = 1 when M > 0

n(s) = -1 when M < 0 (19)

n(s) = 0 when M = O.

In the Appendix it is shown that the following four properties of the minimum weight
beam follow directly from the conditions (16) and (17).

1. In the part of the beam Sn < s < S the number of zeros in the bending moment is at
least n.

2. There can never be two adjacent intervals (an interval is defined as Sn+ 1 < S < sn)

without any zeros in the bending moment.
3. For each interval without any zeros in the bending moment there must be one

interval with at least two zeros.
4. The total number of zeros in the bending moment is at least equal to the degree of

redundance of the beam.

Each point in the beam with a zero moment can be thought ofas a hinge since the beam
has zero thickness at these points but is stilI able to transmit the shear force. Alternatively,
weightless and frictionless hinges can be thought of as inserted at these points. In this
sense the above properties of the beam insures that the beam is statically determinate.
This is clearly true for each subsection of a beam separated by finite length zero weight
sections, as well as for the whole beam including any such zero weight sections. A necessary
condition for minimum weight is therefore that the beam is statically determinate in the
above sense.

The plastic minimum weight design can therefore be approached by inserting hinges
in a sufficient number of places and positions to render the beam statically determinate.
This will in general result in a number of possible designs. The minimum weight of each
of these designs can be obtained by minimizing with respect to the position of the zero
moment points. The final design is then the one among these with the lowest weight.
Except for the linear case, the final design will in general not be unique.
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In view of equations (12), (13) and (18) it is clear that it is always possible to find a
curvature for a rigid-perfectly plastic beam such that

k(s) == n(s).

Using equation (16) the compatibility conditions (9) can now be separated as

S: k(s)bi(s) ds = 0

m

L (}jbi(sj) = 0
j= 1

(20)

(21)

(22)

where m ~ k and i = 1, ... k.
When m = k equation (22) shows that all the hinge rotations are zero. When m > k

the beam has in effect become a mechanism with (m- k) degrees offreedom. This is reflected
in the equations (22) which allows the same degree of freedom in the choice of hinge
rotations. However, zero hinge rotation at all the hinges is still a possible displacement
scheme.

For the linear case, equations (19}--(21) are the same as the sufficient condition for a
minimum given by Heyman [2]. In view ofthe above derivation, it is clear that this criterion
is also a necessary one. The above argument shows that the displacement curves of con
stant Ikl must be joined with continuous slope at the points where M = 0, as was also
pointed out by Heyman [2]. The equations (17) and (20) and (21) are the analogous necessary
conditions for the general case. The procedure used by Heyman [2] to solve actual problems
was first to find displacement curves with Ikl = 1 satisfying compatibility and then to look
for equilibrium moment distributions satisfying (19). However as Heyman points out
using this method except for the simplest cases is quite difficult if at all possible. In the
nonlinear case this method would of course no longer be possible to use since the
magnitude of the curvature now depends on the bending moment which is not known
a priori.

PROPERTIES OF THE ELASTIC MINIMUM WEIGHT BEAM

It will now be investigated under what circumstances a beam which satisfies the
necessary conditions (16) and (17) for plastic minimum weight and which is therefore
statically determinate in the above sense also satisfies the elastic compatibility conditions (9).

Two distinct cases occur. In the first case the elastic curvature k given by equation (11)
is proportional to the function n defined in equation (17). When this is the case the separated
compatibility conditions equations (21) and (22) also holds for the elastic case and the
argument about hinge rotations is unchanged. The proportionality of the two functions
will occur in a variety of circumstances of practical interest. In particular, if the weight
functions (5) is of the simple form

w == Mo, where 0 < rx :::; 1.

The two functions are proportional if

I
M~-a = const.

(23)

(24)
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If furthermore I and M 0 are functions of a single design parameter t such that
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I(t, s) = tg(s), (25)

equation (24) reduces to

g-(2-rt)p = o. (26)

This is satisfied for example by a sandwich section with constant core dimensions (g = 1,
p = 1, rt = 1), for a rectangular section with constant width (g = 3, p = 2, rt = t) and for
geometrically similar section (g = 4, p = 3, rt = ~). Therefore, in this case the necessary
conditions (16) and (17) also applies to an elastic design with a displacement curve with
a continuous slope.

In the second and general case, k and 1t are not proportional and the compatibility
conditions (9) cannot be divided into two separate parts as above. These equations will
now determine the necessary hinge rotations to insure elastic compatibility. When m = k
the rotations are given uniquely by (9). When m > k there is again for the same reason as
above, (m - k) degrees of freedom in the choice of the rotations.

In general therefore, if hinge rotations at the zero moment points are admissible the
elastic and plastic minimum weight design can be approached in essentially the same
way. The design method will only differ in the choice of the critical moment Mo. Both
designs are in this case fully stressed. The elastic design obtained in this way will be lighter
than or have the same weight as one obtained demanding a displacement curve with a
continuous slope.

Masur [3] has shown that a necessary condition for an elastically designed structure
to have a maximum stiffness for a given weight (in the sense of minimum work done by
the applied loads) is that the total strain energy density in the design fibers of the structure
is constant. For the case with a single design parameter t this means that

M 2(dI/dt)
I(t) = const.

For a fully stressed design where equation (25) is satisfied this reduces to

2p-g = 1.

(27)

(28)

This is satisfied by the sandwich beam and the rectangular beam with constants width,
but not by the geometrically similar beam. For the class of beams which satisfy (27) the
possibility exists that the stiffest beam is also the strongest. The result is however not
certain since both conditions are only necessary. However, as was shown by Masur [3]
when the weight function and the moment of inertia are convex the above condition is
also sufficient. For the sandwich beam, which satisfies this, the stiffest beam is therefore
also the strongest.

EXAMPLES

Some simple examples may illustrate the ideas introduced.
Consider the four span beam subject to a single concentrated load P shown in Fig. 2.

Take the weight per unit length to be a linear function of the critical moment.
From the properties of the elastic or plastic minimum weight beam demonstrated

it follows that there must be at least one zero in the first interval, that is between C and E
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FIG. 2. Four span beam.

in Fig. 2. If the zero is in the span DE the moment must be zero everywhere in that span,
and if it is zero in CD it must be zero in both spans. In each case the weight of the span DE
is zero. This span can therefore be removed. There must now be at least one zero between
Band D. By the same argument as before, this means that the span CD can be removed.
The resulting structure is one times statically indeterminate, and must therefore have at
least one zero in the bending moment. Three possibilities exist. The bending moments
for these three cases are shown in Figs. 3(aHc). The weights W can be determined directly
for cases a and b

(29)

(30)

where II and 12 are the length of the spans AB and BC and IX gives the position of the load.
For case c the weight depends on the position f3 of the zero moment point. The value

of f3 resulting in a minimum weight can be found by minimizing the weight with respect to

~A 1.1-a~C
(0 )

M Patti-a)
-1.-

1
-

I ~
A B C

(b)

M

(e)

FIG. 3. Possible bending moments in minimum weight beam.
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the position Pof the zero point. In this way

w = P(lI- Ct)[(Ct-P)(lI-PHP(P+/2 )]

e 2(11 - p)

where

t = 1- [~ (1 +~)Jt
11 2 11

To have a physical meaning the value of Pmust be 0 ~ P~ Ct. This means that

1419

(31 )

(32)

(33)12 Ct [1( 12)Jt1; ~ 1; ~ 1- 2 1+1; .

The minimum weight design is now that one of the three cases with the smallest weight.
The weight depends on the position of the load and the relative length of the spans 11
and 12 , The result is shown graphically in Fig. 4.

Since the weight function is linear, this is also the stiffest beam for this weight. The
elastic and plastic displacement curves also have continuous slopes through the zero
moment points.

As a second example consider the built-in beam shown in Fig. 5. This is the same
example considered by Masur [3] using a different approach to determine the elastic
optimum strength and stiffness. The results obtained are the same.

Let the beam have a rectangular cross section with a constant width a and height h
to be determined. The beam is to be designed elastically with a maximum allowable
stress (fer' In this case the weight per unit length is

(34)

where p is the density.
From the properties of the minimum weight beam it follows that the bending moment

must be zero in at least two places in the beam. From the linear form of the moment it is
clear that there must be just two zero points, and that they must be symmetrically placed

alll

1.0 r.-----------.------

0.5 Case "e" Case "b"

FIG. 4. Minimum weight regimes.
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I

p

E:.1 n .. nrc j
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FIG. 5. One span built in beam.

about the middle. The position of the zero points can be found by minimizing the weight
with respect to the position c of the zero moment points.

4P(6a) t(P) tW = - - - {ct+(l-c)t}
3 (fer 2

which has a minimum when

I
c = 2'

The height of the minimum weight beam follows from the bending moment

(35)

(36)

(37)

This is shown in Fig. 6.
In this example equations (16) and (17) Jlre satisfied for only one position of the zero

moment points. (There are no local minimum weight configurations with at least two zero
moment points.) The solution is therefore also the stiffest solution since equation (28) is
satisfied as well.

SUMMARY AND CONCLUSIONS

It has been shown that if frictionless hinges are placed at all the points in the beam
where the bending moment is zero, the number and position of these hinges are such as to

it..

( 3Pl ):t
(l. O"'cr

1.0

0.5

FIG. 6. Minimum weight design.
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render the elastic or plastic minimum weight beam statically determinate. In this sense
both the elastic and plastic minimum weight beams are fully stressed.

In the plastic beam a collapse mechanism exists such that there is no change in slope
at these hinges. In the elastic design, however, there is in general a change in slope at these
points, although under special circumstances the change is zero.

The minimum weight design of an originally k times statically indeterminate beam can
therefore be approached by making the moment zero in k places and then minimizing
the weight with respect to the position of the zero moments.

A necessary condition for minimum weight of beams where the weight per unit length
is a general monotonically increasing function of the critical moment is given. This con
dition is analogous to the sufficient condition given earlier by Heyman [2].

Since the above properties ofthe minimum weight beam is proved for arbitrary applied
loads it is clear that they are therefore also true for beams loaded by their own weight in
addition to given fixed loads. Furthermore, since the final design with the hinges is statically
determinate it is also the optimum design in the presence of thermal effects and support
settlements.
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APPENDIX

Properties of the minimum weight beam

The properties of the minimum weight beam listed in the main section will be shown
to follow directly from the seven theorems given and proved below.

1. The bending moment must be zero at least once in the interval SI < 8 < S.
2. If at S = 8n

sgn(f n(s) dS) = sgn(n(8n)) (38)

the bending moment must be zero at least once in the interval 8n + 1 < S < Sn'

3. Ifthe bending moment is zero once in the interval 81 < 8 < S equation (38) is satisfied
at 8 = 8 1 ,

4. If equation (38) is satisfied at S = Sn and the bending moment is zero once in the
interval 8n+ 1 < 8 < Sn it is also satisfied at 8 = 8n+ l'

5. If the bending moment is not zero anywhere in the interval 8n + 1 < 8 < 8n , equa
tion (38) is satisfied at 8 = 8n + l'
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6. If the bending moment is not zero anywhere in the interval sn+ 1 < s < sn, equa
tion (38) is not satisfied at s = Sn'

7. For a beam built in at both ends and for a beam with at least two spans and built in
at one end there must be at least one interval with at least two zeros in the bending moment.

Consider theorem I

Taking account of equation (2), equation (16) can be written for i ;::: 1.

Is n(s)bl(s)ds = IS n(s)(s-sdds = O. (39)
o s,

Since (S-SI) Z 0 in the interval SI .$; s .$; S, the above integral can only be zero if n(s)
changes sign at least once in this interval. From (18) it can be seen that a change in sign
of n(s) corresponds to a point at zero bending moment. The theorem 1 is therefore true.

Consider theorem 2

Taking account of the equation (2) equation (16) can be written for i = n + 1.

s: n(s)bn+I(S) ds = f+l n(S)(S-Sn+l)dS = 0

or

(40)

where (Sn-Sn+l) > 0 and (S-Sn+l) Z 0 in the interval Sn+l .$; S .$; Sn' If equation (38)
holds at S = Sn the sign of n(sn) and the last integral in (40) have the same sign. The sum
of the integrals in (40) can therefore only be zero if n(s) changes sign at least once in the
interval Sn + 1 .$; s .$; Sn' The theorem 2 is therefore true.

Consider theorem 3
Call the first integral in equation (38) G. Let n(s) change sign at s = a where SI < a < S.

Introduce the new coordinate
S-SI

s*=-
a-s l

The integral G and equation (40) can now be written

G II JS

'--- = n*(s*) ds* + n*(s*) ds*
(a-s l ) 0 1

(41)

(42)II JS'o n*(s*)s* ds* + 1 n*(s*)s* ds* = 0

where n*(s*) = n(s), S* = S-st/a-s l , S* > 1 and (a-sd > O. Since n(s) only changes
sign once, the sign of n(s) is constant in each of the above integrals. It follows that

If n*(s*) ds* I> If n*(s*)s* ds I

If' n*(s*) ds*1 < If' n*(s*)s* dsI (43)
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By comparing equations (41) and (42) in view of (43) it is clear that G always takes the
sign of n(s1)' The theorem 3 is therefore true.

Consider theorem 4

Let n(s) change sign at S = rx where sn+ 1 < rx < Sn' Introduce the new coordinate

*
S-Sn+1

S = ------"----=
rx-Sn +1

The integral G and equation (40) can now be written

G 1 fS~ 5S
•

.,--------,- = r n*(s*) ds* + n*(s*) ds* + n*(s*) ds*
(rx-sn + d Jo 1 s~

and

i
1 fS~ (s -s )5S

•
n*(s*)s* ds* + 1t*(s*)s* ds* + n n+ 1 1t*(s*) ds* = 0

o 1 (rx-Sn+1) s~

where

S -sn+1
s~ = n and s~ > 1.

a-sn+l

(44)

(45)

Since 1t(s) changes sign only once in the interval sn+ 1 :;; s :;; Sn the sign of n(s) is constant
in each of the first two integrals in (44) and (45). Furthermore if equation (38) holds at
s = Sn the sign of the last two integrals must be the same. It follows that

If 1t*(s*) ds* I> I f 1t*(s*)s* ds* I (46)

Ifsr, 1t*(s*)ds*+ 5S

• 1t*(S*)dS* 1< I fSr, 1t*(s*)s*ds*+(sn=sn+J rS

• 1t*(S*)dS*! (47)
1 .1, 1 (rx Sn+1)Js~

By comparing equations (44) and (45) in view of (40) and (47) it is clear that G always
takes the sign of 1t(sn+ 1)' The theorem 4 is therefore true.

Consider theorem 5

Let 1t(s) have no sign changes in the interval sn+ 1 :;; s :;; Sn' Introduce the new coordinate

* S-Sn+1
S =---

sn-sn+ 1

The integral G and equation (34) can now be written as

1 S·

G = So 1t*(s*) ds* + { 1t*(s*) ds*

and

1 fS.
So 1t*(s*)s* ds* + 1 1t*(s*) ds* = 0

(48)

(49)
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S* = S-Sn+I and s* > 1.
Sn-Sn+ I

Substituting from the equation (43) and (42) gives

G = f: n*(s*)(I-s*)ds* (50)

Since n*(s*) has a constant sign within the limits of the integral it is clear that G takes the
sign of n(sn+ 1)' The theorem 5 is therefore true.

Consider theorem 6

Equation (49) can only hold if the two integrals have the opposite sign. This is contrary
to equation (38). Theorem 6 is therefore true.

Consider theorem 7

If the beam is built in at the left end (s = 0), equation (16) is for i = k

s: n(s) ds = O. (51)

(52)

The theorems 1--4 insures (see also property 1 of the minimum weight beam) that there is
at least (k -1) zeros in the bending moment. If there is more than (k-l) zeros there must
be one interval with at least two zeros. In this case the theorem is clearly true. If the number
of zero is equal to (k - 1) equation (38) must hold at S = O.

sgn( s: n(s) dS) = sgn(n(O))

Hence from (51) above, it follows that

n(O) = O.

It then follows from the above theorems that there must be either two zeros in the last
interval (one at S = 0 and one at So < s < S1) or one in the last interval (at s = 0) and two
in another interval. The theorem 7 is therefore true.

The properties of the minimum weight beam given in the main text will now be related
to the above theorems. Consider properties 1,2 and 3 first.

Starting at the right end of the beam (s = S) moving to the left, theorem 1 states that
there must be at least one zero in the first interval. If there is just one zero in this interval
theorem 2 and 3 state that there must be at least one zero in the next interval. If there is
one zero in this interval there must be at least one in the next and so on. It follows from
theorems 5 and 4 that an interval without any zeros can only occur if there is a previous
interval with at least two zeros. Furthermore 5 and 2 state that an interval without zeros
must be followed by one with at least one zero. The total number of zeros after n intervals
must therefore be at least n.
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If the beam is simply supported at the left end the number of intervals is equal to the
degree of redundancy. In this case property 4 of the minimum weight beam follows directly
from the above.

If the beam is built in at this end property 4 follows from this argument and theorem 7.

(Received 26 October 1970; revised 4 February 1971)

A6cTpaKT-ECJlH wapHHpbI 6e1 TpeHHlI paCnOJlOlKeHHble BO BCex TO'lKaX 6aJIKaH. r.ne H3rH6alOwHH

MOMeHT paBHlIeTCli HyJllO, OKa3bIBaeTCli. 'ITO 'IHCJlO H nOJlOlKeHHe 3THX wapHHpOB .nalOT B03MelKHOCTb

<!>0PMYJlHPOBKH paC'IeTa Ha MHHHMyM Beca. B ynpyroli HJlH nJlaCTH'IecKoli 06J1acTlix cnoc06oM CTaTH'IeCKH

onpe.neJlHMbIM. 3TOT <!>aKT MOlKHO HCnOJlb10BaTb .nJlll 'IaCTHbIX paC'IeToB. npH nJiaCTH'IecKOM paC'IeTe

MexaHH1M pa1pyweHHlI TaKOB. 'ITO HeT H1MeHeHHe B HaKJlOHe wapHHpOB. B paMKax ynpyroro paC'IeTa

.ue<!>opMHpoBaHHali 6aJlKa, Bo06we. HMeeT H3MeHeHHe HaKJlOHa B 3THX TO'lKax. HO .nalKe. np" CneI.\HaJlbHbiX

YCJlOBHlIX H1MeHeHHe paBHlIeTCli HyJlIO. TaKHM 06pa30M paC'IeT I.\ ynpyroli KaK H B nJiaCTH'IecKoli CTa.nHlIX

BnOJIHe 3<1><1>eKTHBHblil.


